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Synthesis Model for Sparse Representation

Synthesis model or regression model with sparsity regularized
penalty synthesizes data sample x € RY as an approximation by
a sparse linear combination y € RM, lyllp < M, of a few vectors
d,, € RV, from a dictionary D = [di,...,dp], i.e., x =Dy + z.
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Analysis Model for Sparse Representation

Analysis model uses a dictionary & € RM*N with M > N to
analyze the data sample x € RY. This model assumes that the
product of ® and x is sparse, i.e.,, ®x = y with ||y|, = M — s,

0<s< M.
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LSparse Models

Transform Model for Sparse Representation

Transform model assumes that the data sample x € RY is ap-
proximately sparsifiable under a linear transform A € RM*N je
Ax =7y +z wherey = T(x), |lyllp < M and z € RM is an error
vector in transform domain.

M|
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Transform Model for Sparse Representation

N

» Given A, and sparsity s, transform sparse coding is:

y = argmyin |Ax — y!lg, st [lyllg <s

» y computed exactly by a thresholding Ax to the s largest
magnitude elements = Sparse coding is cheap!

» Signal recovered as ATy

> 7z is error term in the transform domain
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Unstructured Transform Learning

Sparsification Error  [inear Map Constraint

~ o~ ) 5 —~ =
(A,Y)zargrgg{l IAX — Y% + Q(A)

st llyallo < s, Vk

v

X = [x1 | X2 | ... | xxg] ERV*E: matrix of training signals

v

Y =[y1|y2] . | yx] ERM*E: matrix of sparse codes for X

v

Sparsification Error measures deviation of data in a transform
domain

v

Q (A) penalizes the information loss in order to avoid trivially
unwanted matrices, e.g., matrices that have repeated or zero
rOws.
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Approach Overview
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L Overview

General Block Diagram

Tpye (Xek) | — |°] Yidek

o] |

Xek TPy, (xek) | — o] Y2ieh

Try (Xek) | — | | Yidek)
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L Overview

General Block Diagram

Tpye (Xe) | — || Yidek)

T
o

o] |

Xek TPy, (xeh) | i o] Y2ieh

Tr, (Xep) [T— | | Yidger)
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General Block Diagram

> C Classes R Ve k
ceC={1,..C} Tr (Xep) | — |°] PLies] = Yi= [yl,(l,l}v---ayL(C,K}]
.. °
> Each class K Samples —
kekK={1,. K} .
[« Ve, k
Xek Tpye (Xe) | i— o] [Y2Aeh)| = Yo= [Yz,{l,l}v---:yz,(c,z{}]
L]
L ¢ Ve, k
Tpy, (xen) [— Yi{eh} = Y= [YL,{l,l}w'vYL,{C,K}]
L]
o Yk}
o = = = = o

) Q
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Joint Modeling with Collaboration

* Xk, Yicky 05 A) = p(Xek, Yicry 0]A)p(A)

ICBK 2018

=

o
Stochastic Information Processing (SIP) Group, University of Geneva, Switzerland

D¢

1127



Learning Discrimination Specific, Self-Collaborative and Nonlinear Model
LProposed Model
LProposed Model
:

Joint Modeling with Collaboration

11/27

° p(xc,ka{c,k}a 07 A)

p(Xc ks Y{c,k}7 0’A)p( )
e with p(xc,k,Y{c k}> O|A) =

pxe ] Yiery, A)

(0 Y{c k})
Collaboratlon corrective dlscrlmlnatlve prior

nonlinear transform error
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LPlroposed Model

Joint Modeling with Collaboration
° p(xc,knY{c,k}a 0, A) - p(xc,k7 Y{C,k}? 6’A)p(A)
e with p(XQk,Y{C’k},mA) = (Xck|Y{c k},A) p(0, Y{c k})

Collaboratlon corrective dlscrlrnlnatlve prior
nonlinear transform error

o and p(xck|Yicr), A)

self collaborative component

o Hexp( ( 2 ey teny + e (mgery 94 (Zgea) )
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Joint Modeling with Collaboration

° p(xc,ka{c,k}a 0, A) - p(xc,kv Y{C,k}? GIA)p(A)
o with p(xek,Yich), 01A) = p(xcklYicry, A)  p(0, Yiep)

collaboratlon corrective dlscrlmlnatlve prior
nonlinear transform error
e and p(xc,k|Y{c,k}aA)

self collaborative component

x HGXP ( (Zl (e Zlicky + frso(ziierys 9a(Ziery)) ))

> 7 (eky = AiXek — Yi{ck}
» frsc(.) : RMxRM — R: Target Specific Collaboration Function
> ga(.) : RMx...xRM — R: Collaboration Aggregation Function
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L Proposed Model

Joint Modeling with Collaboration

L4 p(xc,kaY{c,k}a 0, A) - p(xC,ka Y{c,k}ﬂ 0’A)p(A)
o with p(Xck,Yicr), O1A) = p(Xek|Yicry A)  p(0, Yicry)

collaboration corrective discriminative prior
nonlinear transform error
e and p(Xc7k|Y{C}k},A)

self collaborative component

x HeXP ( (Zz {e.k} 2L ek} T fTsc (z1,{c,} 94(Zge i) ))

> 7 (eky = AiXek — Yi{ck}
> frsc(.) : RMxRM — R: Target Specific Collaboration Function

> ga(l) : RMx...xRM — R: Collaboration Aggregation Function
L

o p(0,Y(wy) = [[rOlyiien)p¥ieny)
=1
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LPlroposed Model

Self-Collaboration Discriminative Prior and its Measure
Unsupervised Discriminative Prior:

(0, Y(cry) = Hp(el Y1, {ek)P(Y1, (e k})
!

where
Dissimilarity Parameters

—_—
o 0={601,..,05}, 0,=1{0,1,0,2} ={{T11,....Ti.c1} . {Vi1, -, Vi,c2} }
—_—

discriminative measure Similarity Parameters

1 /_/%
J P(91|YI,{c,k})0<eXP(—E Ir(01,y11cky) )

||YI,{c,k}||1)

o p(¥i{ery) o< exp(— s = sparsity inducing prior

® 11(01,Y1{cky) = minjcoi<or Maxi<co<on (Sim(}’l,{c,k}vTZ,cl)

+SIm(yy ek} Vi,c2) + StE(Yife,k)» Tl,cl))
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Similarity and Strength Measures

(01, ¥1,1c,k}) = mini<ci<c1 Maxi<e2<o2 (Sim(YZ,{c,k}7 Tlcl)

+SIm(yy, {e,k}s Vi,e2) + StE(Yi{e, k) ’Tl,cl))

Sim(yr, fe,e1 Yiger,k13) = Y1 ey @ Vi erenyllt + ||Yz4,—{c,k} © Y?:{c1,k1}||1

Ste(Y1(ek)> Vit it}) = Vi fery © Yigernnylla

where
» (© denotes Hadamard product
—vt - +
Y Yidek} =Y (err Vi qer) = Yiferr= 13X {e,k})0)
yl_,{mk}:ma‘x(_}’l,{c,k}’ 0)

_ ot -
> Yifer,k1} T Y] (1,61}~ Yi{el,k1}
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lllustration of Similarity and Dissimilarity Measures

Sim(yl,{qk}) YZ,{cl,kl}) ”yl_,{c,k} © yl_,{cl,kl}”l + ||y?:{c,k} © yl—t_{cl,kl} ”1
Dis(yi {e,k}s Vi, fel,k1})

+ - - +
”yl,{c,k} © yz,{c1,k1}||1 + ||yl,{c,k} © yl,{c1,k1}||1
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lllustration of Similarity and Dissimilarity Measures

SIM(Yi {ert Yigere1}) = 1Y ery © Vil + ||y;t{c,k} © y?,—{d,m}”l
Dis(yi,{e.k}s Yifel, k1)) = ||y;f{c,k} OY eyt 1Y epy © le,r{cl,l'cl}”1

Similarity
N |
| I I
yi yiOys
L
I [ |
Y2 i Y1 Oy,
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LPlroposed Model

lllustration of Similarity and Dissimilarity Measures

Sim(yl,{qk}y YI,{cl,kl}) = ”yl_,{c,k} © yl_,{cl,kl}”l + ||y?:{c,k} O yl—t_{cl,kl} ”1
DiS(yl,{c,k}v YZ,{cl,kl}) = ”yl—",_{c,k} © yl_,{cl,kl}”l + ||yl_,{c,k} © yl—t_{cl,kl} ”1

Similarity Dissimilarity
N g ||
| I I
i yioys Yoy,
| | 1 | | l | l | |
[ [ |
Vo Yi OY; Y Oy
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Problem Formulation

Nonlinear Transform Error
L
. 1 2
min —[|AX =Y |7
Y0,A— \ 2

cC K Dlscrlmmatlon Constraint Sparsity Constramt
+> N ( ALli(0n, yigery) + Auallyrgenrlh )

c=1 k=1
Target Specific Collaboration Error

Linear Map Constraint

+ ZTr{(AZX—Yl) Z (AnX-Yu)}+ Q(A)
1eqL,.... LI\

Y =[Yy, .. YL, A=Ay, .., AL], 0 ={601,...0.}
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- Learning Algorithm

Learning Algorithm

We propose an iterative, alternating algorithm with three distinct
stages:

> representation y; (. ;) estimation with discriminative
assignment

» discrimination parameters’ 6 estimation

> linear map A; estimation

We show that the problems at all stages have an exact or approximate
closed-form solutions.
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LProposed Model

L Learning Algorithm

Learning Algorithm

Stage 1: Representation Estimation with Discriminative Assignment

» Given data samples X and current estimate A;

» Discriminative representation estimation problem per Y; is
decoupled and is formulated as:

. 1
min |AX = Y|+ sz{YzT > (Y — AnX))}

ICBK 2018

11£1

C K
30 (Al (01 Y1 geay) + My ge )

c=1 k=1
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LLearning Algorithm

Learning Algorithm

Stage 1: Representation Estimation with Discriminative Assignment

. 1
win |AX = Yilfi + 2 Tr{Y] “Z#(Yu — AuX))}

+y > (Al,flf(‘)z, Yifeky) + Aallyigery ||1)

c k
» Nonlinear Transform Estimation closed-form:
Y|{cl,02} = Slgn(b) © max (|b| - b O) ©n,

» Discriminative Assignment:
» Part 1: Score Evaluation

ly:sg (C]-a 02) = Sim(y|{cl,02}» Tl,cl)_Sim(y|{cl,02}a Vl,c2)+8tg(y|{cl,02}a ‘rl,cl)

» Part 2: Class Assignment

{C/i,CAQ} = arg (r;?lc% 81(61)62)7 Yi{ck} = Y|{CA1,CA2}

ICBK 2018 Stochastic Information Processing (SIP) Group, University of Geneva, Switzerland 17/27
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Learning Algorithm

Stage 2: Discrimination Parameters Estimation

» Given the estimated representations y; (. 11, we update the
parameters 6;,Vie{1,..,L}.

> Note that for each y; (. 1} the corresponding 7,1 and v o
are known from the previous stage.

» We formulate the problem associated to the update of single
T1c1 as follows:

T . =ar mianTt_l—’T ||2+
lel= g‘l'l,cl oI Tie1 Lellly

>\l,0 Z(Stg(y|{cl,02}a Tl,cl) + Sim(Y|{cl,c2}7 Tl,cl))-
cl

» Analogous formulation for updating per single v .o
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LLearning Algorithm

Learning Algorithm

Stage 3: Linear Map Estimation

» Given: data samples X, all Y = [Y1,..., Y], and all A except
Ay
» Denote: W; =Y, — lee{l,...,L}\l(AllX -Yn)

» The problem related to the estimation of the linear map A;,
reduces to:

mln—HAlX W1H2+ HAl“F
)\
l3||AlAT—I||F Aalog|det AT A

» We use an approximate closed-form solution
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Quantifying a Discrimination Quality

» Transform parameter set: P, = {A=[A1,...,Az]T € RN 71 ¢ RM}
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LEvaluation of the Proposed Approach

Quantifying a Discrimination Quality

» Transform parameter set: P, = {A=[A1,...,Az]T € RN 71 ¢ RM}

> Expected similarity of all u.x = [y{{ak}, ...,yz{C’k}]T across all the trans-
form representations Y. that come from the different classes cl # c:

c K
P — _
Dzlt(X) = Z Z Z Z (Hu:k © u:l,lel +lluce ©ug g llh)
c=1 cl#c k=1 kl#k

> Expected similarity using the positive and negative components of all u., =
[yf{c,k},...,yf,{c’k}]T across all the transform representations Y. that
come from the same classes c:

c K
DZt,c(X) = ZZ Z (IIUfk © ui—,m”l + llug, ©ug 1)

c=1k=1 kl#k
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LEvaluation of the Proposed Approach

Quantifying a Discrimination Quality

» Transform parameter set: P, = {A=[A1,...,Az]T € RN 71 ¢ RM}

> Expected similarity of all u.x = [y{{ak}, ...,yz{C’k}]T across all the trans-
form representations Y. that come from the different classes cl # c:

c K
P — _
Delt(X) = Z Z Z Z (Hu:k © u:l,lel +lluce ©ug g llh)
c=1 cl#c k=1 kl#k

> Expected similarity using the positive and negative components of all u., =

[yf{c,k},...,yf,{c’k}]T across all the transform representations Y. that
come from the same classes c:

c K
DZt,c(X) = ZZ Z (||uc+k © ui—,m”l + llug, ©ug 1)

c=1k=1 kl#k

> Discrimination Power for any pair of labels and dataset X € RM*CK.
I' =log(D}" (X)) — log(D}* (X) +¢)

ly,c
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LEvaluation of the Proposed Approach

Mutual Coherence & Condition Number

| AR | YALE B | COIL20 | NORB
2.1e-4 le-4 1.9e-4 | 3.1e-4
16.1 | 263 18 19.1

%Zl w(AY)
7 21 Cn(AY)

Table: The cumulative expected mutual coherence 1 >, 1(A;) and
the cumulative conditioning number 1 3°, C,,(A,) for the linear maps
Al e€{1,...,6} with dimensions 6570 X N, where N is the dimensionality
of the input data
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LEvaIuation of the Proposed Approach

Discrimination Power Evaluation

| AR | YALE B | COIL20 | NORB
7° | 213 1.45 1.18 0.41
IR | 2.41 1.66 1.61 0.40
75 | 2.71 1.76 1.92 0.40
7+ | 3.04 | 2.14 2.63 0.42

Table: The discrimination power in the original domain, after random
transform, after learned sparsifying transform and after learned self-
collaborating target specific nonlinear transform with dimension M =
6570.
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LEvaIuation of the Proposed Approach

Recognition Evaluation

| AR | YALE B | COIL20 | NORB
96.1 | 95.4 96.8 97
97.1 | 971 97.8 | 96.8

original domain [%]
proposed [%]

Table: The recognition results on the databases AR, YALE B, COIL20 and
NORB, using k-NN on the sparse representations using our model with
dimension M = 6570.
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Discrimination Power and Recognition Comparison

YALE B MNIST YALE B MNIST
T T Acc. [%)] Acc. (%)

dlsi 0.71 0.67 96.5 08.74
fddl 0.87 0.63 97.5 96.31
copar| 0.57 0.54 98.3 96.41
lrsdl 0.42 040 98.7 —

* 0.90 0.81 k-nn 97.1  k-nn 97.32
* 0.90 0.81 [-sym| 98.8 [l-sum| 98.45

a) b) c)

Table: a) The discrimination power for the methods dlsi, fddl , copar and
Irsdl and the proposed method *, b), c) The recognition results on the
Extended Yale B and MNIST
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LEvaluation of the Proposed Approach

Recognition Accuracy Comparison with State-of-the-Art

MNIST F-MNIST SVHN
Method | Acc. Method Acc. Method | Acc.
lif-cnn [1]|98.37 log-reg [5]|84.00 ssae [7] [89.70
s-cw-a [2][98.62  rfc[5] |87.70 c-km [7] 90.60
reg-l [3] |99.08 svc [5] 89.98 s-cw-a [2]]93.10
fmax [4] [99.65 _cnon[6] 9210  tma 8] |98.31

* k-nn 97.11 x k-nn 88.10 * k-nn 86.41
* [-sum | 99.10 x [-sym  |92.22 * [-sum | 90.28

Table: Recognition accuracy comparison between sota and 1) k Nearest Neighbor (k-
nn) search and 2) linear SVM (l-sum) that use the Sparsifying Nonlinear Transform
(sNT) representations from our model on extracted HOG image features. We use our
algorithm to learn the model on the HOG features. Then we get the sNT representations
with dimensionality 9800 for the respective training and test sets. Considering the
obtained result for database SVHN, we note that the unlabeled training data from the
respective database was not used during the learning of the corresponding model.
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LConclusions

Conclusions:

m We introduced a novel collaboration structured model with min-
imum information loss, collaboration corrective and discrimina-
tive priors for joint learning of multiple nonlinear transforms.

m An efficient solution was proposed by an iterative, coordinate
descend algorithm.

m The introduced discrimination measure and the recognition ac-
curacy on the used databases showed promising performance
and advantages w.r.t. state-of-the-art methods.
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